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Abstract. We determine the type of the zeta functions and the range of 
the dimensions of the moduli spaces of finite flat models of two-dimensional 
local Galois representations over finite fields. This gives a generalization of 
Raynaud's theorem on the uniqueness of finite fiat models in low ramifications. 



Introduction 

Let K be a p-adic field of absolute ramification index e with the residue field 
k for p > 2. We consider a two-dimensional continuous representation Vf of the 
absolute Galois group Gk over a finite field F of characteristic p. We assume that 
Vf arises as the generic fiber of a finite flat group schemes over Ok, which we call 
a finite flat model of Vf- If e < p — 1, the finite flat model of Vf is unique by 
Raynaud's result |Ray[ Theorem 3.3.3]. In general, there are finitely many finite 
flat models of Vf, and these appear as the F-rational points of the moduli space of 
finite flat models of Vf, which we denote by GT^v F ,o- It is natural to ask about the 
dimension of G7Z-v F ,o- In this paper, we determine the type of the zeta functions 
and the range of the dimensions of the moduli spaces. The main theorem is the 
following. 

Theorem. Let dv F = dim GTZvi>,o> and Z(QlZv F ,o',T) be the zeta function ofQlZv F ,o- 
We put n = [k : ¥ p ] . Then fallowings are true. 

(1) After extending the field F sufficiently, we have 



z(gn v ^-T) = \{{\-\¥\ l T)- m ' 



i=0 

for some nii £ Z such that m dv > 0. 
(2) Ifn=l, we have 

Te + 2 
< d Vw < —— 
LP + 1 



If n > 2, we have 
0<d Vj < 
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Here, [x] is the greatest integer less than or equal to x for 

Furthermore, each equality in the above inequalities can happen for any 
p-adic field K . 

Raynaud's result says that if e < p — 1 then QlZv ¥ ,o is one point, that is, zero- 
dimensional and connected. If e < p— 1, the above theorem also implies that QlZv F ,o 

l 
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is zero-dimensional. So it gives a dimensional generalization of Raynaud's result for 
two-dimensional Galois representations. We note that the connectedness of QTZv ¥ ,o 
is completely false in general. 

Acknowledgment. The author is grateful to his advisor Takeshi Saito for his 
careful reading of an earlier version of this paper and for his helpful comments. 

Notation. Throughout this paper, we use the following notation. Let p > 2 be 
a prime number, and k be the finite field of cardinality q = p n . The Witt ring of 
k is denoted by W(k). Let Ko be the quotient field of W(k), and K be a totally 
ramified extension of Ko of degree e. The ring of integers of K is denoted by Ok, 
and the absolute Galois group of K is denoted by Gk- Let F be a finite field of 
characteristic p. The formal power series ring of u over F is denoted by F[[u]], and 
its quotient field is denoted by F((w)). Let v u be the valuation of F((w)) normalized 
by v u (u) — 1, and we put v u (0) = oo. For the greatest integer less than or 

equal to x is denoted by [x\. 

1. Preliminaries 

First of all, we recall the moduli spaces of finite flat models constructed by Kisin 
in [Kis] , 

Let Vf be a continuous two-dimensional representation of Gk over F. We assume 
that Vf comes from the generic fiber of a finite flat group scheme over Ok- The 
moduli space of finite flat models of Vw, which is denoted by G7tv F ,o, is a projective 
scheme over F. An important property of G7Zv v ,o is the following Proposition. 

Proposition 1.1. For any finite extension ¥' of ¥, there is a natural bijection 
between the set of isomorphism classes of finite flat models of Vw> — Vf ®w ¥' and 

Proof. This is [Kis, Corollary 2.1.13]. □ 

Let 6 = W(fc)[[u]], and be the p-adic completion of 6[l/u]. There is an ac- 
tion of <p on 0£ determined by Frobenius on W(k) and u i— > u p . We choose elements 
7r TO G K such that ttq — tt and 7r^ l+1 = n m for m > 0, and put Koo = [J m>0 K(-K m ). 
Let $Mo £) i be the category of finite Os ®i F-modules M equipped with (^-semi- 
linear map M — > M such that the induced Og <S>z p F-linear map 4>*(M) — > M is 
an isomorphism. We take the ^-module Mp € IMo £ f that corresponds to the 
Gkoo -representation Vp(— 1). Here (—1) denotes the inverse of the Tate twist. 

The moduli space 0TZy ¥ q is described via the Kisin modules as in the following. 

Proposition 1.2. For any finite extension ¥' ofW, the elements of QlZy ¥ fl(¥') 
naturally correspond to finite free k[[u}] ¥' -submodules 2%' C Mp (g>r F' of rank 
2 that satisfy u e 9Jl r , C (1 ® <^)(<^*(2%')) C Wlw 

Proof. This follows from the construction of QTZv F , o in [Kisi Corollary 2.1.13]. □ 

By Proposition [OJ we often identify a point of ^7^Vn,,o(F') with the correspond- 
ing finite free k[[u]) <g>w p F'-module. 

From now on, we assume ¥ q 2 C F and fix an embedding k F. This assumption 
does not matter, because we may extend F to prove the main theorem. We consider 
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the isomorphism 

®i p IF — k((u)) ®f p F —> 11 F((«)) ; (j^u*) 05 ^ (S^K)*"*) 

creGal(fe/Fp) 

and let G k((uj) ®f p F be the primitive idempotcnt corresponding to o\ Take 
o~i, • • • , <7„ G Gal(fc/F p ) such that o~i+i = dio^ 1 . Here we regard as the p-th 
power Frobenius, and use the convention that a n+ i = Oi. In the following, we often 
use such conventions. Then we have 4>{e 0i ) — e CTi+1 and <f) : Mf — > Mf determines 

KKn G Gi 2 (F((u)))", we write 

M F -(yl 1 ,A 2 ,...,A„) = (A J ) J 

/ e *\ f e i+ ls 

if there is a basis {e|,e 2 } of e^Mp over F((u)) such that 01 H = Ai I J +1 

\ e 2/ \ e 2 

We use the same notation for any sublattice 2% C Mf similarly. Here and in the 
following, we consider only sublattices that are & ®z p F-modules. 

Finally, for any sublattice 2% C Mf with a chosen basis {e\,e 2 }i and B = 

(Bi)i<i< n G GL2(F((m)))™, the module generated by the entries of ^B. 

with the basis given by these entries is denoted by B ■ Wlf. Note that B ■ Tlw 
depends on the choice of the basis of 2%- We can see that if 2% ~ {Ai)i for 
(Aj)i<j<„ G Gi>2(F((u)))™ with respect to a given basis, then we have 

5-2%~ (<f>(B i )A i (B i+1 )- 1 ). 

with respect to the induced basis. 

Lemma 1.3. Suppose ¥' is a finite extension o/F, and x G QTZv ¥ fi(¥') corresponds 



to m ■ . Put m jr = [ ( "J'* ) ) • m ■ for l<j<2, s jti ,t jti e Z ant! 




F'((u)). Assume 9JIi,f' and 2T2.F' correspond to X\,xi G Gf^v ¥ ,o(^') respectively. 
Then x\ = x 2 if and only if 

si,i = S2,i, h t i = t2,i and u M - u 2 ,» G w* l!i F'[[u]] /or a/Z i. 

Proof. The condition xi = x 2 is equivalent to the condition that there exists B = 
(Bi)i<i< n G GL 2 (¥'[[u}]) n such that 











V2,i \ 


{ o 


U* 1 -' J 


1 = 


I o 


) 



for all i. It is further equivalent to the condition that 

„,,„-«,, -»;i;-;"-'"« 1 ,) eGi2(r . [ H], 

for all i. The last condition is equivalent to the desired condition. □ 

Lemma 1.4. Suppose Vw is absolutely irreducible. IfW is the quadratic extension 
o/F, then 



M F (g> F F' 



aA / et2 0\ fa n 
aiu m ) ' V a 2 ) ' " ' ' V a„ 
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for some on G (F') x and a positive integer m such that (q+ 1) \ m. Conversely, for 
each positive integer m such that (q + 1) \ m, there exists an absolutely irreducible 
representation Vw as above. 

Proof. The first statement is |Imal Lemma 1.2], and the second statement follows 
from the proof of [Imai Lemma 1.2]. We have used the assumption ¥ q 2 C F in this 
Lemma. □ 

2. Main theorem 



Proposition 2.1. If Mr ~ ^(^g lj J ' ^ en ^^Vi?,o(F') is one point for any 
finite extension ¥' of F. 

Proof. Let 9Jt ,f be the lattice of Mf generated by the basis giving 




and let Tlo,w = 971o,f ( 8 ) fF' for finite extensions F' of F. Then 9Jloj' gives a point of 
GT^v w ,o(^')- By the Iwasawa decomposition, any point 2%" of QTZv w ,o{¥') is written 

• 9Jto,F' for Si,ti e Z and Vi £ F((w)). Then we have 




lj I u- u + l 




e-psi+s i+1 - 




'+ 1 + ^(v^u-^ 1 - V l+1 U 



with respect to the basis induced from the given basis of 0JIo,f'- We put = 

-v u (vi). 

By u e Tlp C (l(g)(/))(0*(O7l F /)) C Mp, we have e-psj+s i+1 < e&ndpU-t l+1 > 
for all i, so we get s i; ti > for all i. 

We are going to show that 1 — psi — ti + i > for all i. We assume that 1 — 
ps io - t io+1 < for some i Q . Then u u (« io+1 u e - ps< o+ s *o+i-*«o+i) < l -ps io - t io+1 , 
because 0(wi o )u~* i o +1 has no term of degree l—pSi —t io+ i. So we get r io+ i — Si 0+ i > 
e — 1 > 0. Take an index i\ such that — Si 1 is the maximum. We note that 
f'u — s il > 0. Then we have v u (4>( v ii )u _t * 1+1 ) = v u (v il+ iu e ~ pSi i +Si i+ 1 ~ ti i+ 1 ), 
because v u {4>{vi 1 )u~ ti ^ +1 ) < -ps^—t^+i. So we get r il+1 ~s il+1 = p{r it -SjJ+e > 
— Si ± . This is a contradiction. Thus we have proved that 1 — psi — > for 
all i, and this is equivalent to that Si = and < ti < 1 for all i. 

We assume U = 1 for some i. Then we have ti = 1 for all i, because pti-\ —ti > 
for all i. We show that r, t < —1 for all i. We take an index i 2 such that r i2 is the 
maximum, and assume that r i2 > 0. Then we have r i2+ i = pr i2 + e > r i2 , because 
v u (l + 0(wi 2 )u~ 1 — Ui 2 +iu e_1 ) > 0. This is a contradiction. So we have < — 1 
for all i. Then we may assume Vi = for all i by Lemma 11.31 Now we have 

971 ■ ~ ( ( U A J , but this contradicts u e Tl ¥ > c(l® 0)(0*(O%')). 
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Thus we have proved = U = for all i. Then we have n < 0, because 
+ 4>{vi) — Wi+iu e ) > 0. So we may assume Ui = for all i by Lemma ll.3[ and 
we have 2%' = SDTo.F'- This shows that QlZv r ,o(^') is one point. □ 

In the following two Propositions, we give the maximum of the dimensions of 
the moduli spaces. We put dy v = dim C/7?.y Fi o. 

Proposition 2.2. We assume Vw is not absolutely irreducible, and write e = (p + 
l)eo + ei for eo £ Z and < e\ < p. Then the followings are true. 

(1) There are rrii £ Z /or < i < oV r such that mi > 0, md VF > anc? 

\gn Vr , (w')\ = J2miW'\ i 

i=0 

for all sufficiently large extensions ¥' o/F. 

(2) (a) In the case < e\ < p — 2, we have dy F < nea. In this case, if 

Mf ~(( U tA 
then dy F = ne§. 

(b) In the case e\ = p — 1, we have dy Y < neo + 1. In this case, if 

^ 

u pe +p-l J I ' 
\ v / i 

then dy F = neo + 1 . 

(c) In the case e\ = p, we have dy v < neo + max{[n/2], l}. In this case, 
if n = 1 and 



then dy F = eo + 1, and if n > 2 and 

MF ~(( U M P(2eo+l-eo,0 

then dv F = neo + [ n /2]- Here, eo,i — eo if i is odd, and eo.i — cq + 1 if 
i is even. 

Proof. Extending the field F, we may assume that Vv is reducible. Let 9Jlo.w be 
a lattice of Mf corresponding to a point of GTlv F .o(^')- Then we take and fix 

I a 0,i 

ai,(ii £ F x , < ao,i,6o,i < e and wo,i £ F[[u]]. For any finite extension F' of F, 
we put 97lo,F' = OJlo.F Of F' and Mp = Mf (8>f F'. By the Iwasawa decomposition, 

any sublattice of Mp can be written as ^(^q u**)j ' ^ 0,F ' ^ or Si, ^ i e ^ an< ^ 

<6F'((«)), 
We put 

I = {(a>k) eZ n xZ n \ a = (a,i)i<i<n, k = (&i)i<i<„, < a,, 6, < e}, 



a basis of $W 0j f over fc[[u]] (g) Fp F such that 371q,f ~ ( ( n a °b oi ) ) f° r 
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and 

Gn Vl ,0,aA^) = \ | ( " li ) 1 -Wn.i ' ■= t;^ r .o(F') 



Si ,ti £Z,«! eF'(( M )), 



for (a, 6) = ((di)i<i<„, (&i)i<i< n ) G /. Then we have 

(a,b)el 

and this is a disjoint union by Lemma 11.31 



Take s ?Ti_ < I ( q u iiJ J •9Jlo,F' S S7^v F ,o,a,&(F') with the basis induced from 

i *0 Bu bi ) J somc ( rai )i<j<n e F'[[m]]". 
We note that a,i+bi—v u (wi) < e for allz by the condition u e dJlw C (1<8>^>) (0* (9JtF' )) - 
Now, any 9Jt' ■ G <?7?.y F! o,a,6(F') can be written as I ( ^ ) ] • for some 



(ui)i<z<n S F'((u))™. With the basis induced from 9%/, we have 



1 )\ faiU ai Wi \ fl -Vi+-y\ 

1 )\ ^0 1 y 

ai-u ai ^ - aiU ai v i+1 + f3iU h (/)(vi) 
ftu* 

We are going to examine the condition for (vi)i<i< n € F'((u))™ to give a point of 

QTlv t ,o,a,b( W ') ^ ^(j i')^ '3%'. Extending the field F, we may assume that 

^^y r ,o,a,b(F) = if and only if QTiv f ,Q,a.b(^') = for each (a,b) <E I and any finite 
extension F' of F. 

For («*)!<(<„ € ¥'((u)) n , we have 3J£, = ^ • 97t F £ ^ K ,o,a,6(F') if 

and only if 
v„(m; - aiU a *Ui + i + (3 l u bi 4>{vi))> and 

w„(ai-u Qi ) + v u (f3iU b ') - v u (wi - aiU ai v i+1 + fay, *(t>(vi))< e for all i, 
by the condition u e 9Jlp, C (1 ® (f>) ((f>* (Tt^,)) C 971^. This is further equivalent to 

v u (otiU a *v i+ i - PiU bi (f>(vi))> max{0, a, + bi - e}, 
because v u (wi) > max{0, Oj + bi — e}. We put = — and note that 

v u (a i ^iu a '- 1 v i ) > max{0, at-i + bi-i - e} n < min{a i _ 1 , e - 

v u (f3iU bi 4>{vi))> max{0, <Zj + bi — e} < mir 
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We define an F'-vector space Na&w by 

Na,b,Y> = {(ui,..., v n )e¥'((u)) n | 

v u (oiiU ai Vi+i — I3iu bi <f)(vi))> max{0, a, + bi — e} for all i}. 

We note that Na,b,v 3 ^' [[«]]", and put 2Va,fe,r = ^a,b,F'/ F ' IN]™- Thcn we have a 
bijection A^b.F' - * S72-i^,o,o,b(lP") by Lemma II. 31 We put da,b = dimp N^f'i an d 
note that dimp' N a ^^i is independent of finite extensions F' of F. We take a basis 
of Na,b,¥ over F. This basis gives bijections (F') d ^ — > N a> b,V' — > £77£v F ,o,a,&(IF') for 
all finite extensions F' of F. This is a parameterization of points of !?7£vf,o by Ap"'-, 
and gives a morphism / fi) (, : A^-- — > GT^Vtfl such that / a ,t(F') is injective and the 
image of /a,&(F') is £/7?.v5 r ,o,a,b(F / ). Then we have (1) and 

d Vr = max 

(o,6)e/, eK v1? ,o,a,b(F)#0 -'- 

From now on, we are going to examine d a ,b to evaluate d\r v - 
We put 



S a ,b,i = { (0,...,0,^,0,...,0) GF((«))' 



1 < n < min^ Oj-i, e - 6»_i, • 



for 1 < i < n, 



'a,b,i,j 



(0, . . .,0,Vi,v. 



l + l, ■ • ■ 7 



i ) , +J ,o,...,o)eF((«))" 



1 < r,- < min{ai_i,e- a 4+ ;it Qi+, i; l+;+ i = [3 l+ iu b ' +l (j){v i+ i) 

and — ^(ui+z+i) > min{a,+z, e - &,+/} for < I < j — 1, 

I P P 



for 1 < i < n and 1 < j ' < n — 1, and 

Sa.b = {(«!,... ,«n) G F((«))« I - fclfitftVi), Vl = 



and — Uu(^i+i) > min{ai, e — 6^} for all jV 



In the above definitions, u, is on the i-th component. 

Then (J^ Sq^, U \J i 3 Sa&jj U £0,6 is an F-basis of N & b,f- So we have = 
Ei \Sa,b,i\ + Ei,j l^&6,ijl + \ S a,b\- We note that < \ S a,k\ < 1 by the definition, 
and put d^j, = Ei 1^,6,* | + Ei,j \ s n,b,i,j\- 

We put 



m G Z 



min{<Zj_i, e — < pm + a;_i — < min 



P P 
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and consider the map 

[J Sg,,b,i,j — > Ta,b, h ] (Vi')l<i'<n ^ ~ V u (Vh-l)- 
i+j=h 

We can easily check that this map is injective. So we have J2i+j=h \^sj>,i,j I < l^a,6,/t| 
and d'^ < Ei<i< n (\Sa,b,i\ + \T«,b,i\). 

We take (a',b) £ I such that $^i<,< n (|<Sa',f>',i| + l^a'.;/,;!) is the maximum. 
We prove that |T /y^| < 1 for all i. We assume there is an index io such that 
\Tg/,b>,i \ > 2. We "note that 

(*) »K-!,e - d} +P + 1 < minj^-^, ^| 

by |2a',6',i„l > 2. We are going to show that we can replace a' ig _ 1 ,b' io _ 1 so 
that Y^i<i<n{\^2.',b',i\ + l^o.',b',i|) increases. This contradicts the maximality of 
Yli<i<n{\Sa',b',i\ + l^o',6',i|)- We divide the problem into three cases. 

Firstly, if a' t x + 2 < e — 6^ l5 we replace fl^ i by cti _i + p, and note that 
a' io _ 1 + p < e by {*}. Then there is no change except for Sg/,b',i -i, Sg/,b',i , 
Tg/ : b',i -i and 2o',6',io- We can see that |S'a',6 / ,»ol increases by at least 2. The 
condition that there exists m £ Z such that 

™in{<4-i)e-&i _i} <P m + c 4-i - & i -i ^ m in{a' to _ 1 + p, e - b^.J, 
is equivalent to the condition that there exists m £ Z such that 

^ • f e -°«o-i 6 io-l M 
1 < m < mm< - — , — h 1 



P P J I P P 

and further equivalent to the condition that there does not exists m £ Z such that 



e 



K i 1 f e - a' , 6' 

1, _!2=1 L < m < min J 'o-i <u 



P P J I P P 

If the above condition is satisfied, then |i?a',6',io-il> l^a',6',io-il do not change and 
\Tg/,b',i 1 decreases by 1. Otherwise, \S a / t b>,i -i\ + \Ta',b',i -i\ decreases by at most 
1 and \Ta',b',i \ does not change. In both cases, we have that J2i<i< n (\Sa',b',i\ + 
|^a',6',i|) increases by at least 1. 

Secondly, if x > e — x + 2, we replace j by b' io _ 1 — p. Then, by the 
same arguments, we have that Xa<j<n(l l -V,6',i| + l-^o',6',i|) increases by at least 1. 

In the remaining case, that is the case where a! ia _ l — 1 < e — b^ _j < a' io _ 1 + 1, we 
replace a^_ l5 b^ _ 1 by <z^_i + p, 6^ o _ 1 — p respectively, and note that a' ia _ 1 + p < 
e and b' io _ 1 — p > by Q. Then there is no change except for S^b'^-i, 
Sa',b',i , To',6',i -i and ^V^. We can see that \Sa< ,v ,i -i\ + \ T & \V,io-i\ de- 
creases by at most 1, \Sa\b',i 1 increases by p and |2V &',i | decreases by 1. Hence 
Y^i<i<n{\^a',b',i\ + l^a',fc',tl) increases by at least p — 2 > 0. Thus we have proved 
thaf |T a /, e ',;| < 1 for all i. 

Next we show that 

(Ai) if \Sa',b',i\ + \ T g/,b',i\ = e + I for I > 1, 

then ISa'.bVi+il + |^ a ',b',i+i| < e o + e a - pi + 1 

for all i. 
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By the definition of T aj b,%, we have 
\Tg.,b,i\ < max< min 



— ^ - nun{ffli_i,e - &i_i},0 



P P 

Combining this with the definition of S a f,i, we get 



w 



\Sa,b,i \ + \ T a,b,i\ ^ min, i 



V 



and equality happens if and only if in the following two cases: 

- minja^!, e — < 0. 



min{a l _i, e - = 1 

and p | (min{e — a,%-i, + l). 

We assume ISa'^iJ + \T a '^'.i 1 \ = e o + I for some i\ and I > 1. Then we have 
p(eo + I) < min{e — a£ , } by Q. By this inequality, we have 

l-S'o'^'.w+il < min{a- 1 , e - 6^ } < max{o< 1 , e - &<J 

= e — min{e — a'^ , b' it } < e - p(e + I) = eo + ei — pZ. 
Combining this with — 1 > we S e ^ 

|^a',5',ii+i| + |2i.',6',ii+i| < eo + ei 1. 

This shows (A,-) for all i. 

Further, we examine the case where equality holds in the above inequality, 
assuming 1 = 1. In this case, we have that min{e^ , e — 6^ } = eo + e\ — p, 
min{e — a^,6^} = p(e$ + 1) and \T a i ,b',ix+i = 1- Let m be the unique element of 



T a '.b'.i 1 +i- Then, by the definition of T a i 



b',ii + 



i, we have 



e a 'ii+l ^ii+l 



- min{a- , e - b\ } > pm - min{e - a- , 6- } > p, 



because min{e — a[ , } = p(eo + 1) and pm — min{e — , 6j }■ > 0. Combining 
this with min{a- i , e — 6^} = e + e\ -p, we get p(e + e L ) < min{e - a- i+1 , b' ii+1 }. 
By the previous argument, we have 

|Sa',6',-ii+2| + l^o'^'.n+al < eo - (p - l)ei + 1. 

Thus we have proved that 

(Bi) if \Sa',b',i\ + \Ta',b',i\ = e + 1 

and \Sg/,b',i+i\ + \Tg,',b',i+i\ = eo + e x - p + 1, 
then |S'a',6',j+2l + \Ta'.b',i+2\ < e - (p - l)ei + 1 

for all i. 

We are going to show (2). Firstly, we treat (a). We note that eo+ei — pl+1 < eo — 
p{l — 1) — 2 in the case where < ei < p— 3, and that eo + ei— pl + 1 < eo— p(Z — 1) — 1 
and eo — (p — l)ei + 1 < eo — 1 in the case where e\ = p — 2. Then (j4j) and 
for all i implies that J2i<i<n{\^g/ ,b' ,i \ + \Ta>,b'.i\) < n eo- It further implies that 



d'a,b < E i\ S «,b,i\ + \Ta,b,i\) < 



7ie 



Ki<n 
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for all (a, b) € I, and that d' ab = neo only if |*S^,6 5 i| + \Ta,b,i\ = eo for all i. To prove 
da.b 5= ne o, it suffice to show that d' a b — neo implies Sa,b = 0, because \Sa,b\ < 1 
for all (a, b) e I. 

We assume that d' ab = ne and S & b ^ 0- By the maximality of X)i<i< n (I Sg,,b,i I + 
l^o,6,i|)) we have iTo^il < 1 for all i. Let (i>o,i)i<i<n be the unique element of Sa,b, 
and we put ro,j = — v u (vo,i)- Then we have 

a>i - ro,i+i =h- pr ,i < max{0, a 4 + b t - e] 
for all i, by the definition of S aj f,. By Q and eo — 1 < |>Sa,M for all i, we have 

e - 1 < di < e + ei, pe < b t < pe + e\ + 1 
for all i. Take an index ii such that ro,^ is the maximum. Then we have 
(p - l)?"o,i2 < P r o : i 2 - r Q s 2+x = b i2 - a i2 < (pe Q + e x + 1) - (e - 1) 

= (p - l)e + ei + 2 < (p - l)e + p. 

So we get ro,i < eo + 1 for all i. 

If cii + bi — e < 0, we have ro.i > eo + 1 by bi — p?'o.i < and peo < bi. If 
a, + 6j — e > 0, we have ro.i > eg + 1 by 6,; — P?"o,i < a i + &i — e and a* < eo + ei. 
So we have ro.i = eo + 1 for all i. 

By a, — ro,i+i = bi — pro,i, we have (p — l)(eo + 1) = — a t for all i. By the 
range of ai and 6,, we have the following two possibilities for each i: 

(ai,h) = (eo - l,pe +p - 2) or (e ,_pe + p - 1). 

In both cases, we have ISV&^+il = eo — 1. 

Now we must have equality in Q. So we must have p \ (min{e — a;_i, + 1), 
noting that iT^^il = 1. This contradicts the possibilities of a^i,bi-i. Thus we 
have proved dy r < neo- 

For a = (e )i<i< n and b = (peo)i<i< n , we have d^b > J2i<i< n \ S &,b,i\ = ne . 
This shows that dy F = neo, if 

;..)); 

Secondly, we treat (b). In this case, we note that eo + ei — pi + 1 = eo — p(l — 1) 
and eo — (p — l)ei + 1 < eo — 3. Then (Ai) and (Bi) for all i implies d' ab < neo, 
and further implies d a ,f, < neo + 1, because IS'a.&l < 1- Thus we have proved 
dv ¥ < neo + 1. 

For a = (e )i<i< n and b = (pe + p— l)i<i<n, we have rf„,6 > J2i<i< n \Sg,,b,i \ + 
\Sa,b\ = nea + 1, because (w^^ e ° +1 - ) )i< J :<ri £ Sa.b- This shows that dy ¥ — neo + 1> if 

At last, we treat (c). In this case, we note that eo + e\ — pi + 1 = eo — p(l — 1) + 1 
and eo — (p— l)ei + l < e — 5. Then (A^) and for all i implies d' ab < neo + [n/2], 
and that d' ab — neo + [n/2] only if eo < IS^mI + iTa^.il < eo + 1 for all i. 

If n = 1, then d' ab < eo implies d a .b < eo + 1, and the given example for 
dv F = e + 1 is the same as in (b). So we may assume n > 2 in the following. 

To prove d a j, < neo + [n/2], it suffices to show that d' ab = neo + [n/2] implies 
Sa,b = 0, because \Sa,b\ < 1 for all (a, b) € /. 
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We assume that d' a b = neo + [n/2] and Sg,,b ^ 0. By the maximality of 

Xa<i<n(l<Sk&,i| + \ T a,b,i\)> we have \ T a,b,i\ < 1 for all i. Let (ui,i)i<i< n be the 
unique element of S a< b, and we put r±i = — i>«(ui,i). Then we have 

a% ~ 7-i.i+i =h — pri,i < max{0, a 4 + 6 4 - e} 

for all i by the definition of S a ^- By Q and eo — 1 < |S , a ,6,i| 5 we have 

eo - 1 < a.i < e + p, pe < hi < pe + p + 1 

for all i. Take an index such that r\^ 3 is the maximum. Then we have 

(p - l)ri,i 3 < pri t i 3 - ri,i 3 +i = o l3 - a i3 

< (pe +p+ 1) - (e - 1) = (p- l)e +p + 2. 

So we get ri ( j < e + 2 for all i. 

If di + bi — e < 0, we have r 1A > eo + 1 by 6, — pr! i < and peo < o,. If 
+ bi — e > 0, we have r\j > eo + 1 by bi — pr\^ < a.i + bi — e and < eo + p. So 
we have eo + 1 < r\j < eo + 2 for all i. 

By n > 2, there is an index i± such that ISVb.iJ + IT^,^^^ | = eo + 1. Then 
we have eo + 1 < min{(e — a, 4 )/p, 6i 4 /p} by Q. We are going to prove that 
if eo + 1 < min{(e - a;)/p, fe^/p}, then \Sg, t b,i+l\ + l^kfci+ll = e and e + 1 < 
min|(e — a i+ i)/p, b i+ i/p}. If we have proved this claim, we have a contradiction 
by considering 14. 

We assume that eo + 1 < min{(e — cti)/p, bi/p}. Then we have eo — 1 < a% < eo, 
peo +p < h < pe Q +p + 1 and e - 1 < \Sg.,b,i+i\ < e . If |^o,6,*+i| = e o, we have 
aj = eo and bi = peo + p. However, this contradicts pri — r^ + i = bi — a^, because 
pn-Ti+x ^ (p- l)e +p by e + l < n,r i+ i < e + 2. So we have \Sa,b,i+i\ = e -l 
and \T a ,b,i+i\ = 1- Let m be the unique element of T a .&,i+i- By the definition of 
Tg,,b,i+i, we have 

e — a,i+i 6j+i 



min{oi, e — bi} > pm, — minle — cti, 6i} > p — 1 > 2, 

P P J 

because peo + p < min{e — a,, bi} < peo + p + 1 and pm — min{e — dj, bi} > 0. 
This shows eo + 1 < min{(e — o,i + i)/p, bi + i/p}. Thus we have proved that dy F < 
ne + [n/2]. 

For a = (e ,i)i<,<„ and b = (p(2e + 1 - e o,i)) 1<i<n , we have 

^ = «e + [n/2]. 

] 

This shows that dy r 



.p(2eo + l-eo,i) 




□ 



Proposition 2.3. We assume Vw is absolutely irreducible, and write e = (p+l)eo- 
e\ for eo 6 Z and < e\ < p. Then the followings are true. 

(1) There are rrii £ Z /or < i < oV F suc/i i/iai md v > and 



|S7^ F ,o(F0l = X>*l F/ 

i=0 
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for all sufficiently large extensions ¥' of¥. 
(2) (a) In the case e\ = 0, we have dv T < neo — 1. In this case, if 



l\ fu e ° \ fu e ° 

t (p+l)e -l ) > I W P e o J'"-' I U pe ° 



then dv r = neo ~ 1- 
(b) In the case 1 < e\ < p — 1, we have dy ¥ < ne§. In this case, if 



My 



l\ fu e ° \ fu e ° 

t (p+l)e +l o I ' I u pe ° J ' " ' ' I uP e ° 



we have dy t = neo ■ 
(c) In the case e\ = p, we have dy F < neo + [ n /2]- In this case, if 



l\ / u 2eo+l-eo,i Q 

u (p+l)e + l )'l u pe , 



2<i<n . 



then dy r = neo + [n/2]. Here, eo,i = eo if i is odd, and eo.i = eo + 1 if 
i is even. 

Proof. Extending the field F, we may assume that 

1(0 aA fa 2 \ (a n 

for some cc, G F x and a positive integer m such that (q+ 1) { m, by Lemma [Ol Let 
37to,F be the lattice of Mp generated by the basis giving the above matrix expression. 

For any finite extension F' of F, we put 9Ko,F' = 9#o,f ®f F' and Mp> = 
Mp <S>w ¥' . By the Iwasawa decomposition, any sublattice of My> can be written as 
>.' \ \ 

9Jlo : F' for Si, U e Z and ^ G F'((u)). 



u u 



We put 

^v F , ,a,6(F') = \(( U Q % ) ) m,r e .„(F') 



Si.ti G Z, ^ GF'(( M )), 



psi — *2 = ai, m + pti— S2 = bi, 

psj — Sj + i = a.,-, ptj — tj + \ = bj for 2 < j < n 



for (a, b) = ((ai)i<i<„, (&i)i<i< n ) G Z" x Z n . Then we have 
£fty F , (F') = (J ^v Fi0 ,„,b(F') 

(a,i)eZ"xZ» 



and this is a disjoint union by Lemma 11.31 Later, we will show that there are only 
finitely many (a, 6) such that GT^v F ,o.a,b(¥') ^ 0. 
We take 

U Q $)) egn V¥ .o,a,b(¥ r ), 
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and put 



Then we have 



. ,0 u ai \ fu a2 A /V" 

'-DVb.F' ~ «1 6, n > a 2 



with respect to the basis induced from ■DTo.f'- 

Now, any S0t € £/7?-vfc,o,a,&0F') can be written as ^ ^ ^ ^ • 9Jta,b,F' for some 
(fi)i<i<n G I r '((u))™7 an d we put = — fjj(wi). Then we have 



V!)u bl u ai - <j){v 1 )v 2 u bl \ (u a * (f){Vi)u hi - v i+1 u a ' 

u hi -v 2 u b i r at { u b > 



2<i<n . 



with respect to the induced basis, and 

(vi)u bl u ai - 0(vi)v 2 u fcl \ (cj){v 1 )u bl u ai \fl -v 2 
u bl -v 2 u bl J ~ \ u bl Ho 1 



_ v 2 



t^V 1 u ai - 0(wi)i;2U fcl \ / 1 



-v 2 u bl J y-vz 1 1 

Naturally, we consider the second equality only in the case v 2 ^ 0. 

If r 2 > 0, the condition u e Wl ¥ > C (1 <g> (/>)((/)* (M ¥ >)) C Ttv is equivalent to 

< ai + r 2 < e, <b\ — r 2 < e, 

(Ci +) 

w„(w ai — 0(w 1 )w 2 w'' 1 ) > max{0, a\ + bx — e}, 



(C 2 ) 



< a, < e, < 6j < e, 



v u {4>(vi)u bi — Vi + \u ai ^ > max{0, + fa; — e} for 2 < i < 



If r 2 < 0, it is equivalent to 

(Ci t _) < ai < e, < 6i < e, pri < min{e — oi, oi}, 



and flCzl 

We show that if <?'fcv F ,o,a,b(]f r ') ^ 0, there does not exist (^)i<i<„ 6 Z™ such 
that 

ax = b\ — pr' x — r 2 and ai — r^ +1 = 6.; — pr[ for 2 < i < n. 
We call this fact ((}). We assume that there exists (r£)i<i<„ G Z n satisfying this 

condition. Changing the basis of Wla,b.F' by I I ^ I I , we get 

/ /V 1 -^ \ fu a > 



This contradicts that Vp is absolutely irreducible. 

If r 2 > e/(p — 1), we have that — r^ + i = bi — pri < for 2 < i < n and 
> e/(p— 1) for all i by the condition ( |C 2 D , and that a\ = b\ —pri —r 2 < by the 
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condition (Ci,+ ). This contradicts (<)), and we have r 2 < e/(p— 1). This shows 



that if G1lv ¥ fl,a,b(^') + 0, then 



6 pC 

< a± < e, < 6i < -, < a^, 6^ < e for 2 < i < n. 



p — 1 j> — 1 

First, we treat the case where < a\ < e and < b\ < e. In this case, the 
condition u e Ttw C (1 ® 0)(0* (!!%")) c 9%' i s equivalent to the condition that 
max{pr! + r 2 ,pr l7 r 2 } < min{e — ai, 61} and JG^D - We put 

4,6 = {(i?i,i? 2 ) eZxZ\ P R 1+ R 2 < min{e-ai,6i}, Ri,R 2 > 0} 

and 



vi e !"((«)), 

ri = r 2 = i? 2 



for (i?i, i? 2 ) G Then we have a disjoint union 



(Rl,R2)€la,b 

by Lemma 1 1.31 

We fix (Ri,R 2 ) £ Ia,b- Then the condition that r\ = R\ and r 2 = i? 2 implies 
max{pri + r 2 ,pr 1 , r 2 } < min{e - 01, 61}. So ^ ^ • 9Jt fi ,6,F' gives a point of 

^V F ,0,a,6,iJi,iJ 2 (F') if and only if 

max{ri,0} = max{r 2 ,0} = i? 2 and QC 2 p . 

We assume 07^VF,o,a,b I iJi,K 2 (^'') 7^ 0- Considering — w M (wi) for (wi)i<i<„ that gives 
a point of G7tv F ,o,a,b,R 1 ,R 2 we have the following two cases: 

(i) There are 2<n 2 <ni<n + l and Ri E Z for 3 < i < n 2 and rii < z < n 
such that 

ai - R i+ i = hi - pRi < max{0, a t + 6, - e} 
for 2 < i < n 2 — 1 and ni < i < n, and 



< min{a ni _i,e - i?„ 2 < 



6 ^ri2 



(ii) There are Ri € Z for 3 < i < n such that 

— Ri+i = hi — pRi < max{0, ai + bi — e} 

for 2 < i < n. 
We note that (ii) includes the case n = 1. 

We define an F'-vector space Na,b,R 1 ,R 2 ,w by 

Na 1 b,R 1 ,R 2 ,F' = {(«<)i<i<n € F'((n)) n I n < r 2 < i? 2 and Q}. 
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We note that Na, hRu R 2>v D ¥'[[u]] n . We put Naj,, Ru R 2 ,w = Na,b, Rl ,R. 2 j> /V[[u]] n 
and da t b, R i,R 2 = dimp' Na^b, Rl , R . 2 ,¥' ■ We note that dimp Na t b,Ri,R 2 ,V is independent 
of finite extensions F' of F. We put 



N. 



'l,b,Ri,R 2 ,V — \{ v i)l<i<n S Na.b,R 1 ,R 2 .F> 



ri = Rl, r 2 = R 



Let N Lb,Ri,R 2 ,F' be tne image of N°^ RltR2t¥ , in Na,b,R u R 2 ,V ■ Then we have a 
bijection 

N a,b,R u R 2 ,¥' ~* QR-V F fi,a,b, Rl , R2 {^') 

by Lemma 1 1.31 This gives a morphism 

fa,b,Ri,R 2 '■ Ajp--""' 1 '" 2 — > <?7<V F! o 

in the case Ri = R2 = 0, 

Wx.ife : Ay da ' i ' Rl,R3_2 - ) x (A F - 0) 2 - ^v F , 
in the case where R\ > 0, R2 > and (i) holds true, and 

/a,b,i?,,i* 2 : A?**-* 1 -**- 1 ) x (A F - 0) -> 0ft WfO 

in the other case, such that fa,b,Ri,R 2 QF") is injective and the image of fa,b,Ri,R 2 (F') 
is ^y F ,o,o,6,Ri,ij 2 (^')- Later, we will define GK Vrfi& b, Rl , R2 (F') and da,b,Ri,R 2 in 
the case max{— 01, 61 — e} > 0, and get 

d Vr = max {da,b,Ki,fl 2 } 

after extending the field F sufficiently. From now on, we are going to examine 
da,b,R 1 ,R 2 to evaluate dy ¥ - 

First, we treat the case n = 1. In this case, we have 



Ri = R 2 < 



min{e — a±, 61} 



p+ 1 



< e . 



So we get da,b,Ri,R 2 — e o f° r £ ^" x 2" and (i?i,i?2) G /o,6 such that 

^^V%,o,a,6,iJi,iJ 2 (F") 7^ and < a\,b\ < e. We have to eliminate the possibility 
of equality in the case e\ = 0. In this case, if we have d a .b,R 1 ,R 2 = eo, then a\ — 
and bi = (p + l)eo- This contradicts ({>)■ 

We can check that if e± = 0, a\ = 0, &i = e — 1 and i?i = i?2 = eo — 1, then 
d s ,,b,R 1 ,R 2 = eo — 1, and that if e\ ^ 0, a± — 0, 61 = (p+ l)eo + 1 and R\ — R2 = eo, 
then da,b, Rl , R2 = eo. 

So we may assume n > 2. We put 

Sa^ii.,! = {K n ,0,..,0)eF((u))" I 1 <n <min{i? 1 ,a„,e-6„}}, 

e - a 2 b 2 



Sa,b,R u R 2 ,2 = < (0,U- r *,0, . . . ,0) S F(( U ))' 



1 < r2 < min< i? ; 



Sk&Jix.Jk.i = <^ (0,...,0,^,0,...,0) GF((w)) r 



1 < n < mini a,i-x,e - b i _ 1 



e — dj bi 
V ' P 
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for 3 < i < n, and 



Sa&RuRaJ,} = < (0, . . .,Q,V h V i+1 , . . .,V j+1 ,0, . . . , 0) G F((w)) n 



Vi = U \ 



Ti < min{a,_i, e — if i ^ 2, r2 < i?2 if * = 2, 

w a 'v;+i = u bl (j)(vi) and > min{a ; ,e - for i < Z < j, 

< min|- — ~^~} if J ^ - Rl if J = "| 

for 2 < i < j < n. In the above definitions, Vi is on the i-th component. 

Then \J. Sa,b,R u R 2 ,i U Uij Sg,,b,R 1 ,R 2 ,i,j is an F-basis of Na i b,R 1 ,R 2 ,v- So we have 

da,b,Ri,R 2 = Si Pa,6,fl 1 ,fl2,i| + l^o,6,iJi,Ji2,i,il- 

We put 

Ta,b,Ri,R 2 ,i = {m e*Z\ min{a„, e - b n } < pm + a„ - b n < Ri}, 
Ta& Rll R2,2 = and 



T a ,b,R u R 2 ,i — \m G Z 



min{ai_i, e - < pm + dj_i - 



< min 



e - a, : 



p p 



for 3 < i < n. We consider the map 

[J Sa.b,R 1 ,R 2 ,i,h-l ^ Ta,b.Ji 1 M 2 ,h; (Vi')t<i'<n — Uu(^ft-l) 



2<i<h-l 



for 3 < ft < n + 1. We can easily check that this map is injective. So we have 

E2< I <H \Sa,b,R u R 2 ,i,h-l\ < \Ta,b,R u R 2 ,h\ and da,£,fli -R 2 < Sl<i<„ ( I ,b,R x ,fl 2 ,i | + 
\Tg,,b,R u R 2 ,i\) ■ 

We take (o',6') G Z" x Z" and (R[,R' 2 ) G such that < ai,6i < e 

and Z)i<i<n(l' S o / ,&',i^,fli,il + l T o',6',J^,iii,»|) is the maximum. We can prove that 
\T a > .b' ,R[.R' 2 ,i\ < 1 f° r all i as in the proof of Proposition ^. 21 

We can also show that 

(Ai) if \Sa',b',R' ly R' 2 ,i\ + iTa'^'M'^R'^il = e + I for I > 1, 

then |S'a/ ! 6', i ^ ) .R/ ii+1 | + 1^,6',^/ ,R' 2 ,i+i | < e + e\ - pi + 1 
for i ^ 1, and that 

(£?i) if |S'a',b',i?' 1 ,fl^i + |^a',b',fli, = e + 1 

and |S' 2 ,/ ) 6',ij' 1 ,flj,i+i| + \Tg/ ,v ^.R/^i+A < e o + ei -p + 1, 
then |S'a',b',fl' 1 ,fl^ 4 +2| + |r a /,6',R' 1 ,flj,i+2| < eo - (p - l)ei + 1 

for 2<i<n— lasin the proof of Proposition ^. 21 By the same argument, we can 

show that 

(At) if |5 fi / ,6^,^,1 1 + \Tg/ ,v ,r' x ,r^\ = eo + Hor / > 1, 
then |S'o/ 1 6',j^,flj J 2| + iTa'.b'M'^Ri,^ < e + ei - pi, 
and that 
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(B n ) if |S'a',6',.R' 1 ,.R 2 ,ril + |^a',6',ili,JJ^,nl — e + 1 

and |5*a',6 I + \Ta> I < e + ei - p + 1, 

then | ',6',^,^, 2 1 + ,6^,^,21 < e - (p - l)ei, 
using the followings: 

|'Sa',6',.R' 1 ,.R 2 ,l| + l^a',b',iii,fl 2 ,l| < P-Ri + -R2 < e, 

ISa'.b'M'^R^M < R2 and To, ^ ..R'^a = 0- 

Firstly, we treat the case where < ei < p — 1, that is, (a) or (b). Wc note 
that eo + ei — pi + 1 < e — p(Z — 1) — 1 in the case < e\ < p — 2, and that 
eo + ei — pZ + 1 = e — p(Z — 1) and eo — (p— l)ei + 1 < e — 3 in the case e\ = p— 1. 
Then (Aj) for all i and (Sj) for i ^ 1 implies 

da,b,R u R 2 < ^ (|Sa,6,iJi,iJ 2 ,i| + l^o,6,JJi,JJ 2 ,i|) 
l<j<n 

- X! (I^a'.b'.-Ri,^,*! + l^a'.fc'.-R'i.^.'l) - ne ° 
l<i<n 

for (a, 6) G Z" x Z™ and (i?i,i? 2 ) G 4,6 such that a^o^iJ^OH ^ and 
< Oi,6i < e. So we get the desired bound, if 1 < e\ < p — 1. In the case 
ei = 0, we have to eliminate the possibility of equality. In this case, if we have 
equality, we get that J2i<i< n (\Sa&R 1 ,R 2 A + \Ta.bMiM. 2 ,i\) is the maximum and 
(\Sa,b,R u R 2 ,i\ + \ T a,b,R u R 2 ,i\) = e for all i by (A,) for all i. Then we have 
Ri = R-2 = e 0j e o — 1 < a « < e 0i P e o < &i < pe + 1 for 2 < i < n 
by the followings: 

P-Rl + i? 2 = e, |5a,6,fli,ii2,l| + |^a,6,iJi,iJ 2 ,l| < ^li I Sg L ,b,R 1 ,R 2 , 2 1 < -Z?2, 

l-S'a.b.fli.fla.il + 1^0,6,^1 ,fl 2 ,i I < min{(e - a^/pM/p) for 2 < z < n 

and |So,6,iii,Ji2,i| > e - 1 for i 7^ 2. 
Now we have a\ = and &i = (p + l)eo by Ri = R 2 = e . We show that 
|ra,b,iJi,ii2,il = for 3 < i < n. We assume that |T„ ; f, iiJliii2iio | = 1 for some 
io ^ 1,2, and let m be the unique clement of TaM,R 1 ,R 2 ,i - Then, by the definition 
of Ta.bM 1 M. 2 ,i , we have 

mini- — — , — I _ min{a io _i,e- i} > pm - min{e - a io _i,6 io _i} 
I P P J 

>P-1>2, 

because peo < min{e — aj _i, Z>j _i} < pe + 1 and pm — min{e — aj _i, 6j -i} > 0. 
This contradicts the possibilities of aj _i, dj , Z>j -i and bi . The same argument 
shows that |T , 0i (, i jj 1i jj 2) i| = 0. Now we have S'aA-Ri,-^* = e o f° r all an d that 

ai =0, Z?i = (p + l)eo, a, = eo, bi = peo for 2 < i < n. 

Then we have 

oi = bi — pr[ — r' 2 and a, — r - +1 = 6j — pr ■ for 2 < z < n 

for (r-)i<i<„ = (e )i<i<„. This contradicts (0). So wc have da,b,R u R 2 < ne - 1, 
if ei = 0. 

We can check that if ei = 0, a\ =Q,b\ = (p+l)eo — 1, Ri = eo, i? 2 = eo — 1, cii 
' and 6, = pe for 2 < i < n, then d^b,R u R 2 > Ei< 4 <™ l' S o,6,Jii, J R 2 ,i| = ne -l. We 
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can check also that if 1 < ei < p—1, ai = 0, 61 = (p+l)eo + l, R\ = eo, R2 = eo + 1, 
a, = e and h = pe for 2 < i < n, then da : b,R u R 2 > J2i<i<„ \Sa,b,Ri,R 2 ,i\ = ne o- 

Secondly, we treat (c). In this case, we note that eo + ei — pl + 1 = e — p(l — 1) + 1 
and eo — (p — l)ei + 1 < eo — 5. Then (A,) for all z and {Bi) for i ^ 1 implies 

dg,,b,Ri,R 2 < (l^a>&' R ij B 2>*l + 1^2,6,^1,^2,1 1) 

l<i<n 

- ^2 (\Sa',b',R[,R' 2 ,i\ + \Tg/ ,V ,R' x ,R'^i\) < ne + 



Ki<n 



2 



for (0,6) G Z™ x Z" and (i?i,i?2) G such that < ai,6i < e. So we get the 
desired bound. 

We can check that if e\ = p, ai = 0, b\ = (p+l)eo + l, R\ = eo, i?2 = eo + 1, a, = 
2e + 1 - e ,j and 6j = pe ,i for 2 < i < n, then da,b,Ri,R z > J2i<i< n \Sg,,b,Ri,R 2 ,i\ = 
ne + [n/2]. 

Next, we consider the remaining case, that is, the case where max{— a±, b\ — e} > 
0. In this case, v u (u ai —<fi(vi )v2U bl ) > max{0, ai + 61 — e} implies pr\ +r-2 — bi — ai, 
becauseai < max{0, ai+fei— e}. So the condition u e 9Jlw> C (l(g)<^) (<^>* (05%')) C Wlw> 
implies 

PT\ + T2 — b\ — 01, max{— a±, b\ — e} < T2 < min{e — oi, 61}. 

We note that if n = 1, then pr\ + T2 — b± — a\ contradicts (•()) because 7*1 = r-2- So 
we may assume n > 2. We put 



Ia,b — -R2) G 



Z x Z 



+ i?2 = &1 — Ol) 

max{— ai, b\ — e} < R2 < min{e — 01, 61} j 



and m a j = [(max{— ai, 61 — e} — l)/p] ■ We note that R\ > m^b + 1 > and 
R2 > max{— a%, b\ — e} > 0. We put 

Gn Vw , 0AhRuR2 (¥') = \((l v *) ) ■ Ma, h v> g gn Vlfi ,a,bJ¥') 



Vi G F'((u)), 

v u (Vi) = v u (v 2 ) = --Raj 
for (i?i, Jfe) G J a ,b- Then we have a disjoint union 

GKv r ,0,a,ki ¥ ') = U ^W,0 & fcJl 1 ,Jfa (F') 

(fll,-R 2 )e/a,J, 

by Lemma [Ol Extending the field F, we may assume that G'R-v F ,o.a,b.Ri,R 2 (F') 7^ 
if and only if GTZvf,o,a,b,R 1 ,R 2 (F) 7^ for each (i?i, i? 2 ) G (a,V) G Z™ x Z" and 
any finite extension F' of F. 

We fix (R 1 ,R 2 ) G Ig,,b, and assume S72-v F ,o,a,6,Hi,fl 2 ( F ) 7^ 0- Ir = -#1 

and v u (v2) = —R2, the condition v u (u ai — (f>(vi)v2U bl ) > max{0, ai + 61 — e} is 
equivalent to the following: 
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There uniquely exist 71,0,72,0 G (F') x and 71,1,72,1 G F' for 1 < i < m^b such that 
-v u I v\ - Y H^ u ~ Rl+l ) < R i - m a,b - 1, 

-v u [v 2 - Y l2, t u~ R2+pt < R 2 - max{-ai, 61 - e}, 

\ 0<i<ma,b / 

7i,o72,o = 1, Y 7i,»72,i-i = for 1 < I < m^b- 

a<i<i 

We note that {7i,i)o<i<ma,b determines (71,,, 72,i)o<i<m< iii ,- 

We prove that for < i < m^b there uniquely exist 2 < n 2: i < n\ y i < n + 1, 
r i,i,j G Q f° r n i,i < 3 < n + 1 and r 2,i,j € Z for 2 < j < n 2 .i such that ri,oj G Z 
for ni.o < J < fi + 1 and 

a j — ri^j+i = bj — W\,i,i < niax{0, cij + bj — e) for n 1:i < j < n, 

= -Ri - i, rij iUl z < min{a ni e - & nii _i}, 
o-j - r 2l ij + i = bj - pr 2 ,i^ < max{0, a 3 + bj - e} for 2 < j < n 2 ,i - 1, 



r 2 ,i, 2 = R 2 -pi, r 2i i, n2 i < min 



p p 

Define r-i.i.j G Q for 2 < j < n + 1 and ^i,., £ Z for 2 < j < n + 1 such that 

n,i, n +i = Ri-i, dj - = bj -pn,i,j f OT 2 < 3 < n , 

r 2 ,i. 2 = R 2 - pi, dj - r 2 ,i j+i = bj - W2,i,j f° r 2 < 3 < n - 

We put 

ni ; j = max|{3 < j < n + 1 | n,i,j < minjaj-i, e — U {2}|, 



™2,i 



{ 2 <J<n|r 2 , 4J <min{^,^}} 



U{n + 1} L 



We consider (wi)i<i<„ that gives a point of GTlv T ,a,a,b,R 1 ,R 2 (F). Then we have 
>"i,0,.j = ^ u ti( u i) G Z for m,o < j < n+ 1 and r2,o,j = — v u (vj) G Z for 2 < j < n 2 $. 
It remains to show that 712, i < m,j. We have n2,i < 712,0 and ni,o < because 
''l.t.j < r i,o,j an d r 2 ,ij < r 2 ,o,j for 2 < j < n + 1. So it suffices to show n 2 ,o,j < 
ni.o,j. If 722, o.j > n i.o,j, we have 

ai = bi -pv u (vi) - v u (v 2 ) and a 3 - v u (v J+1 ) = bj - v u (vj) for 2 < j < n, 

and this contradicts (<)). 
We put 

Ma,b,R u R 2 = {0 < z < m„,t j n,i,j G Z for m,i < j < n + l}. 

For (wj)i<i<„ that gives a point of ^y F ,o,o,6,iJi,ij 2 (F'), we take 71,,, 72,4 and ni,,, 
«2,i, ^i,i,j, 7"2,i,j as above. We note that 71^ = if i ^ Ma : b,R 1 M 2 - We put 

Mi & b.,R u R 2 .,j = {0 < « < m„,i j ni,i < j < n + l}, 
M 2 ,a,b,R u R 2 ,j = {0 < i < m„,6 I 2 < j < n 2 ,i} 
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for 2 < j < n+ 1, and define (t>* )i<<<„ G F'((u)) n by 

E 7,^-- E 



for 2 < j < n + 1. This is well-defined by the above remark. We put 

K, b _, RuR2r = {(v*)i<i< n e F'(( U ))» I («*)!<,<„ e F'((u))" gives 

a point of S7?.v F ,o,a,6,.R 1 „r 2 (F')}. 

Then we can check that N* ^ Ri ^ ^, is an F'-vector space and that N* ^ ^ ^ p, D 
F'[[u]] n . We put 

and d *a.b_M u R 2 = dim F' N lk,Ri,R2,V We note that diniF ' N lk,RuR2,w is independent 
of finite extensions F' of F. By Lemma 11.31 giving an element of iV* b fli R2 and 

(7i,i)o<i<m„,6 such that 71,0 ^ and 71^ = if i g Ma,b,R 1: R 2 is equivalent to 
giving a point of QTi-v w fi,a,b,R u R 2 (F')- So we have a morphism 



fa,b,Ri,R 2 



. A (^U, R un 2 +\M^, Rl , R2 \-l) x (A j _ {Q}) ^ ^ ^ 



such that fa,b,R 1 ,R 2 (^") is injective and the image of fa,b,R 1 ,R 2 (V) is equal to 
GTIvwA^RlR^^")- We put da,bM. 1: R 2 = dl^ Rl R2 + \Ma,b tRli R 2 \. Then we have 
(1) and 

d Vr = max {d a .b,R!,R 2 }■ 

In this maximum, we consider all (a,b) € x Z". We have already examined 
da,b,R x ,R 2 for (a, 6) such that ai > and 61 < e. So it suffices to bound da t b,Ri.R 2 
for (a, 6) such that max{— a\, b\ — e} > 0. 
We put 

= {(«i,0,...,0) GF((u)) n I v x = u- r \ 

1 < ri < min{i?! - m^f, - 1, a„, e - b n }}, 



Sa,b, Ru R,,2 = { (0 1 « a ,0,...,0)eF((«)) n 



v 2 = u r2 1 



1 • 1 , , r , , e - 02 b 2 

1 < r2 < mm< it2 — max{— 01, b\ — ej, 



P P 

Sa&R u R 2 ,i = |(0, ... ,0,^,0, ... ,0) 6F((u)) n Vi = vT r \ 

, . , , e-ai bi 

1 <ri < mm<^ a;_i,e - bj_i, , — 

P P 
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for 3 < i < n, and 



Sa,b,R u R 2 ,i,j = { (0, • ■ .,0,Vi,V i+1 , . . .,v j+1 ,0, . . . ,0) G F((u)) n 



Vi = u 



fi < min{aj_i, e — 6j_i} if i ^ 2, r 2 < R2 — max{— ai, 61 — e} if z = 2, 
u ai v l+ i = u bl (f>(vi) and -t)„(uj + i) > min{a ( ,e - b{\ for i < I < j, 

-v u (v j+ i) < minj- — if • 7 ^ ~ Uu ( Ul ) - Rl _ m ^ - 1 if = n | 

for 2 < i < j < n. In the above definitions, Vi is on the i-ih component. 

Then 1J- Sg,,b,R u R 2 ,i U IJij Sa,b,R u R 2 ,i,j is an F-basis of N^b :Ru R 2t w So we nave 

^o,6,JJi,iJ 2 = Si l^o,6,fli,ii2,*l + X/ij l^k,b>-Ri>-R2,»,j|- 

We put 

Ta,b,R u R 2 ,i = {m G Z I min{a„, e - &„} < pm + a n - b n < R 1 - rria.b - l}, 



T 2 ,,b,R 1 ,R 2 ,2 — { rn G 



and 



Ta,b,Ri,R 2 ,i = { m G Z 



i? 2 — max{— 01, 61 — e} < i? 2 — 

, . / D e - a 2 6 2 

< min<^ it 2 , , — 

I V V 



min{ai_i,e- 6i_i} <pm + ai_! — 6j_i 



< min 



for 3 < i < n. We note that these definitions for Sg,,b,Ri,R 2 ,i, Sa,b,R,i,R 2 ,i,j an d 
Ta,b,Ri,R 2 ,i ln the case max{— a\, bi — e} > are compatible with the definitions in 
the case max{— a\,b\ — e] < 0, if max{— a\,bi — e} — 0. So in the following, we 
can consider also the case max{— a\, b\ — e} = 0. We need to consider this case in 
the following arguments. 
We consider the map 

IJ Sa,b,R u R 2 ,j,h-l U {0 < i < m,a,b \ n 2 .i = ft} — > Tg, t b,R u R 2 ,h; 
2<i</i-i 

(ui)i<j<„ >-> -v u (vh-i), i i-> r 2; i,ft-i 
for 3 < ft < n + 1. We can easily check that this map is injective and that 

{0 < i < nia.b j U 2 .i = 2} = Ta,b. Ru R 2 ,2- 

So we have (E 2 <i<j<n \ S !t,b,Ri,R2,i,j\) + m a.b + 1 < Ei<;<„ \Ta,b,R u R 2 ,i\ and 

da.b,RuR 2 < dl b Rl R2 + nia t b + 1 < ^ (|5 , o,6,fli,fl2,t| + \Ta,b,R 1 ,R 2 A ) • 

KKn 



22 



NAOKI IMAI 



We take (a",b") G Z" xZ" and (i?'/, # 2 ') G 4" ,6" such that max{-a' 1 ', e-b'{] > 
and J2i<i<n{\ S a",b",R'{,R'j,i\ + \Tg/< ,b" ,R'J ,R% is the maximum. We can prove that 
\T a " ,b" ,RV ,R% ,i\ 5= 1 f° r all i ^ 2 as in the proof of Proposition ^. 21 

We show that we may take (a", b") G Z™ X Z n and (R'{,R%) G 4»,b" such that 

< -a" = &i' - e < p - 1. If -a" > b'[ - e, then we replace b'[ by b'[ + 1 
and i?2 by i? 2 + 1- We again have (R^R'^) ^ Ia",b" after the replacement. This 
replacement increases Ei<j< n (|S'a",fe",ij' 1 ',R^,i| + |2> ,b" ,r'J ,r% by or 1, but by 
the maximality there is no case where it increases by 1. Similarly, if —a" < b'{ — e, 
we may replace a'{ by a'[ — 1 and i? 2 by i? 2 + 1. So we may assume —a" = b'[ — e. 

If -a'{ > p and min{b 2 7p, (e - a 2 ')/p} > #2) we replace i?'/ by i?'/ - 1 and i? 2 ' 
by i? 2 '+p. By 

R'i + P < - + P < e + P < e - a'{ = b'{ , 
P 

we again have {R'l.R'^) £ Ia",b" after the replacement. This replacement increases 
J2i<i< n (\ S a",b",R/^R'^i\ + |2> ,b" ,r'{ ,r% ,i\) by at least p-2. This is a contradiction. 
So if —a" > p, we have min{o 2 /p, (e — a 2 )/p} < R%- ^ ~ a i — Pi we replace a" by 
a'{+p, b'{ by b'{-p, R'( by R'(-l and R'{ by i? 2 ' -p. We again have (R'{, R%) G 4" ,6" 
after the replacement. This replacement does not change Y^i<i< n \\^a" ,k" ,R" M' 

Iterating these replacements, we may assume < —a" = b'[ — e < 
p — 1. We already treated the case where —a" = b'[ — e = 0. So we may assume 

1 < —a" = b'l — e < p — 1. We note that \Ta>i ,R" ,R" ,i\ < 1 in this case. 

Now we can show that 

{A'i) if \Sa" ,b" ,R'^R'^i\ + \Ta",b",R",R'2,i\ = e + Z for Z > 1, 

then \Sa",b"M^,R'^i+i \ + \Ta",b",R'{,R^,i+i\ < e + e! - pZ + 1 
for i 7^ 1, and that 

(£?■) if l-Sa",^"^"^'^! + \Ta",b",R%,R%,i\ = e + 1 

and S , a",6", J R' 1 ',i?^',i+i| + l?^" ,ij»,t+i| < e + e x -p+ 1, 
then |S , a",b"^' 1 ',_ R ^i + 2| + |ra",b",_R'/,^',i+2| < e - (p - l)e x + 1 

for 2<i<n— lasin the proof of Proposition ^. 21 By the same argument, we can 

show that 

{A[) if \Saf>,^,R»,B»,i\ + \Ta»,b»,R», R »,i\ = e + I for I > 0, 
then | Sa» ,b",R'J,R%,2 + \Ta»,b",R>l,R%,2\ < e + ei -pZ, 
and that 

(B^) if \Sa",b",R'^,R'^n\ + \Tg>> ,b" ,R'{ ,R% ,nl = 6 + 1 

and ^.r" i^il + l^a",^",^'/,^',!! < eo + ei -p+ 1, 
then \Sa",b",R'J,R%,2\ + |To"^",fli',i?i',2| < e o — (p - l)ei, 
using the followings: 

\Sa" ,b" ,R% ,R'J ,l\ + \Ta" ,b" ,R% ,Rq ,l\ < -Rl — 1, P-Rl + i?2 = e - 2a", 

|S a »,6» 2 | < ^2 + <, 1 < -< < p - 1 and iT^^^/.^.al < 1. 

Then (A'j) for all i and (B^) for i 7^ 1 implies that 

^2 (\ S <L",b",R>l,R%,i\ + \Ta",b!',R' 1 , ,Bii,i\) < ne 
l<i<n 
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in the case < ei < p — 2, and that 

^ {\Sa" ,b" ,R'J ,R% ,i\ + \Ta» ,V> ,R» ,R% ,t\) < ne 



Ki<n 



in the case e\ = p — 1. It remains to eliminate the possibility of equality in the case 
ei = 0. 

We assume that ei = and T,i<i< n (\ S °," ,k" ,R'J ,R% ,i\ + \ T a",b",R'^,R^,i\) = ne Q . 
Then for all i implies that \S & " ,b" ,R'^ ,R'^ ,i\ + \T & » ,b" ,R'{ ,R% ,i\ = eo for all i. Now 
we have 

6o = \Sa",b",R'J,R%,l\ + \Ta",b",R([,R%,l\ < Rl ~ 1 

and 

e - 1 < \Sa",b",R.^Rq,2\ < R% + a". 
This implies e +p — 1 — a" < pR\ + R2 . Because pR\ + R2 = e — 2a", this inequality 
happens only in the case —a'{ = p — 1, and in this case the above inequalities 
become equality. So we have eo — 1 = \Sa",b",R",R",2\ and R2 = eo + p — 2. 
By \Ta» ,b" a\ = !) we nave ^2 < min{(e - a^,')/p, 6' 2 '/p}. So we get a!,' < 
e o — p(p — 2) < e — 3, but this contradicts |5 a ",b" ,.r" ,^',3! > eo — 1. 

Thus we have eliminated the possibility of equality in the case e% = 0, and 
completed the proof. □ 

Remark 2.4. By Lemma \1.4\ we can check that there is Vv satisfying the conditions 
for Mp in Proposition [ 



Theorem 2.5. Let Z(QlZv T ,o',T) be the zeta function of QTZv F ,o- Then the fallow- 
ings are true. 

(1) After extending the field F sufficiently, we have 

dv ¥ 

z(gn V¥ , ;T) = Y[(i-\¥\ i T)- mi 



for some mi £ Z such that > 0. 
(2) If n = 1, we have 

"e + 2 

< d Vr < 



p+l 



If n > 2, w;e /iave 

"n + 1 



< aV F < 





e 


+ 


71-2 




e + 1 


+ 


e + 2 




p+l 




2 




p+l 




p+l 



Furthermore, each equality in the above inequalities can happen for any 
p-adic field K . 



Proof. This follows from Proposition [271] Proposition 12.21 Proposition 12 . 31 and Re- 
mark [231 □ 
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